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Abstract—A method is presented to analyze the stability of
feedback systems with neural network controllers. Two stability
theorems are given to prove asymptotic stability and to compute
an ellipsoidal inner-approximation to the region of attraction.
The first theorem addresses linear time-invariant plant dynam-
ics, and merges Lyapunov theory with local (sector) quadratic
constraints to bound the nonlinear activation functions in the
neural network. The second theorem allows the plant dynamics
to include perturbations such as unmodeled dynamics, slope-
restricted nonlinearities, and time delay, using integral quadratic
constraint (IQCs) to capture their input/output behavior. Both
results rely on semidefinite programming to compute Lyapunov
functions and inner-estimates of the region of attraction. The
method is illustrated on systems with neural networks trained to
stabilize a nonlinear inverted pendulum as well as vehicle lateral
dynamics with actuator uncertainty.
I. INTRODUCTION
The paradigm of stabilizing dynamical systems with Neural
Network (NN) controllers [1] has been revived following re-
cent development in deep NNs, e.g. policy gradient [2]–[5] and
behavioral cloning [6]. However, feedback systems with NN
controllers suffer from lack of stability and safety certificates
due to the complexity of the NN structure. Specifically, NNs
have various types of nonlinear activation functions, poten-
tially numerous layers, and a large number hidden neurons,
making it difficult to apply classical analysis methods, e.g.
Lyapunov theory [7], [8]. Monte-Carlo simulations can be used
to investigate stability but lack formal guarantees, which are
important in safety-critical applications such as aircraft and
space launch vehicles.
Several works propose using quadratic constraints (QCs) to
bound the nonlinear activation functions. This approach is used
to outer-bound the outputs of a (static) NN given a set of inputs
in [9] and upper-bound the Lipschitz constant of NNs in [10],
[11]. The work [12] uses this idea for finite-time reachability
analysis of a system with a NN controller. References [13],
[14] approximate NN functions with polynomials, while [15]
proposes a verification method that transforms sigmoid-based
NNs into equivalent hybrid systems. The work [16] performs
stability analysis by constructing QCs from the bounds of
partial gradients of NN controllers. Reference [17] assesses
global asymptotic stability of dynamic neural network models
using QCs and Lyapunov theory.
This paper presents two main stability results for a feedback
system with a NN controller. Theorem 1 provides a condition
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to prove stability and to inner-estimate the region of attraction
for a linear time-invariant (LTI) plant. It uses Lyapunov theory,
and local (sector) QCs to bound the nonlinear activation
functions in the NN. Theorem 2 allows the plant to include
perturbations such as unmodeled dynamics, slope-restricted
nonlinearities, and time delay, characterizing them with inte-
gral quadratic constraints (IQCs) [18], [19]. Both results rely
on semidefinite programming to compute Lyapunov functions
and inner-estimates of the region of attraction.
The specific contributions of this paper are two-fold. First,
our nominal analysis with LTI plants and NN controllers uses
local sector QCs that provide tight regional bounds and avoid
the conservatism of the global constraints used in [9]–[12],
[17]. This allows us to provide stability certificates and region
of attraction estimates when global stability tests are infeasible.
Moreover, our approach derives local QCs for activation
functions using bounds only on the input to the first layer. This
differs from [16] which derives bounds using partial gradients
of the activation functions. Second, our analysis of uncertain
plants and NN controllers provides robustness guarantees for
the feedback system. The uncertain plant is modeled as an
interconnection of the nominal plant and perturbations that
are described by IQCs. The use of IQCs also allows for plants
that are not necessarily LTI.
The paper is organized as follows. Section II presents the
problem formulation and the nominal stability analysis when
the plant is LTI. Section III addresses uncertain systems using
IQCs. Section IV provides numerical examples, including a
nonlinear inverted pendulum example and an uncertain vehicle
lateral control example. Section V summarizes the results.
Notation: Sn denotes the set of n-by-n symmetric matrices.
Sn+ and Sn++ denote the sets of n-by-n symmetric, positive
semidefinite and positive definite matrices, respectively. RL∞
is the set of rational functions with real coefficients and no
poles on the unit circle. RH∞ ⊂ RL∞ contains functions
that are analytic in the closed exterior of the unit disk in the
complex plane. `nx2 is the set of sequences x : N→ Rnx with
‖x‖2 :=
√∑∞
k=0 x(k)
>x(k) < ∞. If v, w ∈ Rn then the
inequality v ≤ w is element-wise, i.e. vi ≤ wi for i = 1, . . . n.
Similarly, v ≥ w is an elementwise inequality. For P ∈ Sn++,
x∗ ∈ Rn, define the ellipsoid
E(P, x∗) := {x ∈ Rn : (x− x∗)>P (x− x∗) ≤ 1}. (1)
II. NOMINAL STABILITY ANALYSIS
A. Problem Formulation
Consider the feedback system consisting of a plant G and
state-feedback controller pi as shown in Figure 1. As a first
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step, we assume the plant G is a linear, time-invariant (LTI)
system defined by the following discrete-time model:
x(k + 1) = AG x(k) +BG u(k), (2)
where x(k) ∈ RnG is the state, u(k) ∈ Rnu is the input, AG ∈
RnG×nG and BG ∈ RnG×nu . The controller pi : RnG → Rnu
is an `-layer, feed-forward neural network (NN) defined as:
w0(k) = x(k), (3a)
wi(k) = φi
(
W iwi−1(k) + bi
)
, i = 1, . . . , `, (3b)
u(k) = W `+1w`(k) + b`+1, (3c)
where wi ∈ Rni are the outputs (activations) from the ith
layer and n0 = nG. The operations for each layer are defined
by a weight matrix W i ∈ Rni×ni−1 , bias vector bi ∈ Rni , and
activation function φi : Rni → Rni . The activation function
φi is applied element-wise, i.e.
φi(v) :=
[
ϕ(v1), · · · , ϕ(vni)
]>
, (4)
where ϕ : R → R is the (scalar) activation function selected
for the NN. Common choices for the scalar activation function
include ϕ(ν) := tanh(ν), sigmoid ϕ(ν) := 11+e−ν , ReLU
ϕ(ν) := max(0, ν), and leaky ReLU ϕ(ν) := max(aν, ν)
with a ∈ (0, 1). We assume the activation ϕ is identical in all
layers; this can be relaxed with minor changes to the notation.
G
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Fig. 1: Feedback system with plant G and NN pi
The state vector x∗ is an equilibrium point of the feedback
system with input u∗ if the following conditions hold:
x∗ = AG x∗ +BG u∗, (5a)
u∗ = pi(x∗). (5b)
Let χ(k;x0) denote the solution to the feedback system at
time k from initial condition x(0) = x0. Our goal is to
analyze asymptotic stability of the equilibrium point and to
find the largest estimate of the region of attraction, defined
below, using an ellipsoidal inner approximation.
Definition 1. The region of attraction (ROA) of the feedback
system with plant G and NN pi is defined as
R := {x0 ∈ RnG : lim
k→∞
χ(k;x0) = x∗}. (6)
B. NN Representation: Isolation of Nonlinearities
It is useful to isolate the nonlinear activation functions from
the linear operations of the NN as done in [9], [17]. Define vi
as the input to the activation function φi:
vi(k) := W iwi−1(k) + bi, i = 1, . . . , `. (7)
The nonlinear operation of the ith layer (Equation 3b) is thus
expressed as wi(k) = φi(vi(k)). Gather the inputs and outputs
of all activation functions:
vφ :=
v
1
...
v`
 ∈ Rnφ and wφ :=
w
1
...
w`
 ∈ Rnφ , (8)
where nφ := n1 + · · ·+ n`, and define the combined nonlin-
earity φ : Rnφ → Rnφ by stacking the activation functions:
φ(vφ) :=
φ
1(v1)
...
φ`(v`)
 . (9)
Thus wφ(k) = φ(vφ(k)), where the scalar activation function
ϕ is applied element-wise to each entry of vφ. Finally, the NN
control policy pi defined in Equation 3 can be rewritten as:[
u(k)
vφ(k)
]
= N
 x(k)wφ(k)
1
 (10a)
wφ(k) = φ(vφ(k)). (10b)
The matrix N depends on the weights and biases as follows,
where the vertical and horizontal bars partition N compatibly
with the inputs (x,wφ, 1) and outputs (u, vφ):
N :=

0 0 0 · · · W `+1 b`+1
W 1 0 · · · 0 0 b1
0 W 2 · · · 0 0 b2
...
...
. . .
...
...
...
0 0 · · · W ` 0 b`
 (11a)
:=
[
Nux Nuw Nub
Nvx Nvw Nvb
]
. (11b)
This decomposition of the NN, depicted in Figure 2, isolates
the activation functions in preparation for the stability analysis.
N
<latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3U r1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB 2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M /M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</ latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3U r1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB 2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M /M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</ latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3U r1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB 2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M /M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</ latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3U r1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB 2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M /M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</ latexit>
u(k)
<latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeg F48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCF WUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktI DCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeg F48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCF WUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktI DCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeg F48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCF WUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktI DCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeg F48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCF WUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktI DCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit>
 
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3U r1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7D Gc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2 CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</ latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3U r1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7D Gc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2 CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</ latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3U r1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7D Gc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2 CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</ latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3U r1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7D Gc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2 CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</ latexit>
w (k)
<latexit sha1_base64="lyuZcTL3h/KzxVWtK47kE6cShLI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9kVQY9FLx 4r2A9pl5JNs21okg1JVilLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWjm6nfeqTasETe27GiocADyWJGsHXSw1Ovq4asMjrrlcp+1Z8BLZMgJ2XIUe+Vvrr9hK SCSks4NqYT+MqGGdaWEU4nxW5qqMJkhAe046jEgpowmx08QadO6aM40a6kRTP190SGhTFjEblOge3QLHpT8T+vk9r4KsyYVKmlkswXxSlHNkHT71GfaUosHzuCiWbuVkSGWGNiXUZFF0Kw+PIyaZ5XA78a3F2Ua9d5HAU4hhOoQACXUINbqEMDCAh4hl d487T34r17H/PWFS+fOYI/8D5/ADmGkAM=</latexit><latexit sha1_base64="lyuZcTL3h/KzxVWtK47kE6cShLI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9kVQY9FLx 4r2A9pl5JNs21okg1JVilLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWjm6nfeqTasETe27GiocADyWJGsHXSw1Ovq4asMjrrlcp+1Z8BLZMgJ2XIUe+Vvrr9hK SCSks4NqYT+MqGGdaWEU4nxW5qqMJkhAe046jEgpowmx08QadO6aM40a6kRTP190SGhTFjEblOge3QLHpT8T+vk9r4KsyYVKmlkswXxSlHNkHT71GfaUosHzuCiWbuVkSGWGNiXUZFF0Kw+PIyaZ5XA78a3F2Ua9d5HAU4hhOoQACXUINbqEMDCAh4hl d487T34r17H/PWFS+fOYI/8D5/ADmGkAM=</latexit><latexit sha1_base64="lyuZcTL3h/KzxVWtK47kE6cShLI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9kVQY9FLx 4r2A9pl5JNs21okg1JVilLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWjm6nfeqTasETe27GiocADyWJGsHXSw1Ovq4asMjrrlcp+1Z8BLZMgJ2XIUe+Vvrr9hK SCSks4NqYT+MqGGdaWEU4nxW5qqMJkhAe046jEgpowmx08QadO6aM40a6kRTP190SGhTFjEblOge3QLHpT8T+vk9r4KsyYVKmlkswXxSlHNkHT71GfaUosHzuCiWbuVkSGWGNiXUZFF0Kw+PIyaZ5XA78a3F2Ua9d5HAU4hhOoQACXUINbqEMDCAh4hl d487T34r17H/PWFS+fOYI/8D5/ADmGkAM=</latexit><latexit sha1_base64="lyuZcTL3h/KzxVWtK47kE6cShLI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9kVQY9FLx 4r2A9pl5JNs21okg1JVilLf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXKc6M9f1vb2V1bX1js7BV3N7Z3dsvHRw2TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWjm6nfeqTasETe27GiocADyWJGsHXSw1Ovq4asMjrrlcp+1Z8BLZMgJ2XIUe+Vvrr9hK SCSks4NqYT+MqGGdaWEU4nxW5qqMJkhAe046jEgpowmx08QadO6aM40a6kRTP190SGhTFjEblOge3QLHpT8T+vk9r4KsyYVKmlkswXxSlHNkHT71GfaUosHzuCiWbuVkSGWGNiXUZFF0Kw+PIyaZ5XA78a3F2Ua9d5HAU4hhOoQACXUINbqEMDCAh4hl d487T34r17H/PWFS+fOYI/8D5/ADmGkAM=</latexit>
v (k)
<latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF4 8RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJB VUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneI U3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit><latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF4 8RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJB VUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneI U3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit><latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF4 8RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJB VUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneI U3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit><latexit sha1_base64="nxU1FXoXpX4MiNIZ2vf7DD69UbM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF4 8RzEOSJcxOZpMh81hmZgNhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0N/NbY6oNU/LRThIaCjyQLGYEWyc9jXvdZMgqo4teqexX/TnQKglyUoYc9V7pq9tXJB VUWsKxMZ3AT2yYYW0Z4XRa7KaGJpiM8IB2HJVYUBNm84On6NwpfRQr7UpaNFd/T2RYGDMRkesU2A7NsjcT//M6qY1vwozJJLVUksWiOOXIKjT7HvWZpsTyiSOYaOZuRWSINSbWZVR0IQTLL6+S5mU18KvBw1W5dpvHUYBTOIMKBHANNbiHOjSAgIBneI U3T3sv3rv3sWhd8/KZE/gD7/MHN/qQAg==</latexit>
1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9 oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP 9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9 oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP 9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9 oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP 9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9 oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP 9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ ==</latexit>
x(k)
<latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6L XjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WF MUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtog Q8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6L XjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WF MUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtog Q8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6L XjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WF MUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtog Q8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6L XjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WF MUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtog Q8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit>
Fig. 2: NN representation to isolate the nonlinearities φ.
Suppose (x∗, u∗) satisfies Equation 5. Then x∗ can be prop-
agated through the NN to obtain equilibrium values vi∗, w
i
∗ for
the inputs/outputs of each activation function (i = 1, . . . , `),
yielding (vφ, wφ) = (v∗, w∗). Thus (x∗, u∗, v∗, w∗) is an
equilibrium point of (2) and (3) if:
x∗ = AG x∗ +BG u∗, (12a)[
u∗
v∗
]
= N
x∗w∗
1
 , (12b)
w∗ = φ(v∗). (12c)
C. Quadratic Constraints: Scalar Activation Functions
The stability analysis relies on quadratic constraints to
bound the activation function. A typical constraint is the sector
bound as defined next.
Definition 2. Let α ≤ β be given. The function ϕ : R → R
lies in the (global) sector [α, β] if:
(ϕ(ν)− αν) · (βν − ϕ(ν)) ≥ 0 ∀ν ∈ R. (13)
The interpretation of the sector [α, β] is that ϕ lies between
lines passing through the origin with slope α and β. Many
activation functions are bounded in the sector [0, 1], e.g. tanh
and ReLU. Figure 3 illustrates ϕ(ν) = tanh(ν) (blue solid)
and the global sector defined by [0, 1] (red solid lines).
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Fig. 3: Sector constraints on tanh
The global sector constraint is often too coarse for stability
analysis, and a local sector constraint provides tighter bounds.
Definition 3. Let α, β, ν, ν¯ ∈ R with α ≤ β and ν ≤ 0 ≤ ν¯.
The function ϕ : R→ R satisfies the local sector [α, β] if
(ϕ(ν)− αν) · (β ν − ϕ(ν)) ≥ 0 ∀ν ∈ [ν, ν¯]. (14)
As an example, ϕ(ν) := tanh(ν) restricted to the interval
[−ν¯, ν¯] satisfies the local sector bound [α, β] with α :=
tanh(ν¯)/ν¯ > 0 and β := 1. As shown in Figure 3 (green
dashed lines), the local sector provides a tighter bound than the
global sector. These bounds are valid for a symmetric interval
around the origin with ν = −ν¯; non-symmetric intervals
(ν 6= −ν¯) can be handled similarly.
The local and global sector constraints above were de-
fined to be centered at the point (ν, ϕ(ν)) = (0, 0). The
stability analysis will require offset sectors centered around
an arbitrary point (ν∗, ϕ(ν∗)) on the function. For example,
ϕ(ν) = tanh(ν) satisfies the global sector bound (red solid)
around the point (ν∗, tanh(ν∗)) with [α, β] = [0, 1], as shown
in Figure 4. It satisfies a tighter local sector bound (green
dashed) when the input is restricted to ν ∈ [ν, ν¯]. An explicit
expression for this local sector is β = 1 and
α := min
(
tanh(ν¯)− tanh(ν∗)
ν¯ − ν∗ ,
tanh(ν∗)− tanh(ν)
ν∗ − ν
)
.
The local sector upper bound β can be tightened further. This
leads to the following definition of an offset local sector.
Definition 4. Let α, β, ν, ν¯, ν∗ ∈ R be given with α ≤ β and
ν ≤ ν∗ ≤ ν¯. The function ϕ : R→ R satisfies the offset local
sector [α, β] around the point ν∗ if:
(∆ϕ(ν)− α∆ν) · (β∆ν −∆ϕ(ν)) ≥ 0 ∀ν ∈ [ν, ν¯] (15)
where ∆ϕ(ν) := ϕ(ν)− ϕ(ν∗) and ∆ν := ν − ν∗.
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<latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jn mFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="9WW7h9R0oEO0pBKh1TuBJdRBUms=">AAAB33icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZ0T6gHUomvdOGZjJDckcoQ3+CGxeK+K/c+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbZtmhuBLZGq1HQ jblFJjS2SpLCbGeRJpLATTe7meecZjZWpfqJphmHCR1rGUnBy1mNf54Na3W/4C7FNCFZQh5Wag9pXf5iKPEFNQnFre4GfUVhwQ1IonFX6ucWMiwkfYc+h5gnasFiMOmMXzhmyODXuaGIL9/eLgifWTpPI3Uw4je16Njf/y3o5xTdhIXWWE2qx/CjOFaOUzfdmQ2lQkJo64MJINysTY264INdOxZUQrK+8Ce2rRuA3ggcfynAG53AJAVzDLdxDE1ogYAQv8AbvnvJevY9lXSVv1dsp/JH3+QNBMIyC</latexit><latexit sha1_base64="9WW7h9R0oEO0pBKh1TuBJdRBUms=">AAAB33icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZ0T6gHUomvdOGZjJDckcoQ3+CGxeK+K/c+W9MHwttPRD4OCch954oU9KS7397pa3tnd298n7loHp4dFw7qbZtmhuBLZGq1HQ jblFJjS2SpLCbGeRJpLATTe7meecZjZWpfqJphmHCR1rGUnBy1mNf54Na3W/4C7FNCFZQh5Wag9pXf5iKPEFNQnFre4GfUVhwQ1IonFX6ucWMiwkfYc+h5gnasFiMOmMXzhmyODXuaGIL9/eLgifWTpPI3Uw4je16Njf/y3o5xTdhIXWWE2qx/CjOFaOUzfdmQ2lQkJo64MJINysTY264INdOxZUQrK+8Ce2rRuA3ggcfynAG53AJAVzDLdxDE1ogYAQv8AbvnvJevY9lXSVv1dsp/JH3+QNBMIyC</latexit><latexit sha1_base64="lnQ1U2b8O6Zlm7oNX9mKcNN5LXs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxIns2WhJtLDEKksCF7C17sGFv77I7Z0Iu/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXpkpapPTbK62tb2xulbcrO7t7+wfVw6O2TTLDRYsnKjG dkFmhpBYtlKhEJzWCxaESj+H4ZuY/PgljZaIfcJKKIGZDLSPJGTrpvqezfrVG63QOskr8gtSgQLNf/eoNEp7FQiNXzNquT1MMcmZQciWmlV5mRcr4mA1F11HNYmGDfH7qlJw5ZUCixLjSSObq74mcxdZO4tB1xgxHdtmbif953QyjqyCXOs1QaL5YFGWKYEJmf5OBNIKjmjjCuJHuVsJHzDCOLp2KC8FffnmVtC/qPq37d7TWuC7iKMMJnMI5+HAJDbiFJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPXaON0w==</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit><latexit sha1_base64="QzPQlzp7LG42rVgcii2BXB1/0uo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER 3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpoaeyvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV7jjdc=</latexit>
⌫¯
<latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJ FVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Bl e4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit><latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJ FVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Bl e4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit><latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJ FVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Bl e4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit><latexit sha1_base64="bzNC6HQSwFQ6BxJ8nQmeqQVfRy0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8RzEOyS5idzCZDZmaXeQhhyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFGWfa+P63V1pb39jcKm9Xdnb39g+qh0dtnVpFaIukPFXdGGvKmaQtwwyn3UxRLGJOO/H4duZ3nqjSLJUPZpLRSOChZAkj2DjpMYyxykNpp/1qza/7c6BVEhSkBgWa/epXOEiJ FVQawrHWvcDPTJRjZRjhdFoJraYZJmM8pD1HJRZUR/n84Ck6c8oAJalyJQ2aq78nciy0nojYdQpsRnrZm4n/eT1rkusoZzKzhkqyWJRYjkyKZt+jAVOUGD5xBBPF3K2IjLDCxLiMKi6EYPnlVdK+qAd+Pbi/rDVuijjKcAKncA4BXEED7qAJLSAg4Bl e4c1T3ov37n0sWkteMXMMf+B9/gAhmZCc</latexit>
⌫
<latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi 6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3L rX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG 7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit><latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi 6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3L rX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG 7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit><latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi 6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3L rX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG 7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit><latexit sha1_base64="Oa0f5AT46flV46saoc14N8Pl4zE=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi 6LLoxmUF+4AmlMlk2g6dTMI8hBr6JW5cKOLWT3Hn3zhps9DWAwOHc+7h3jlRxpnSnvftrK1vbG5tV3aqu3v7BzX38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuI5WKpeJBTzMaJngk2JARrK00cGuBETGVRTwPhJkN3L rX8OZAq8QvSR1KtAbuVxCnxCRUaMKxUn3fy3SYY6kZ4XRWDYyiGSYTPKJ9SwVOqArz+eEzdGaVGA1TaZ/QaK7+TuQ4UWqaRHYywXqslr1C/M/rGz28DnMmMqOpIItFQ8ORTlHRAoqZpETzqSWYSGZvRWSMJSbadlW1JfjLX14lnYuG 7zX8+8t686asowIncArn4MMVNOEOWtAGAgae4RXenCfnxXl3Phaja06ZOYY/cD5/AHhSk5o=</latexit>
tanh(⌫)
<latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFN KJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dw Ug5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsg fWJ8/nKqTnw==</latexit><latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFN KJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dw Ug5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsg fWJ8/nKqTnw==</latexit><latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFN KJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dw Ug5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsg fWJ8/nKqTnw==</latexit><latexit sha1_base64="ATKxfN36itgpaIJ3FRphUA/YDg4=">AAAB+XicbVBNS8NAEN34WetX1KOXYBHqpSQi6LHoxWMF+wFN KJvtpF262YTdSbGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTAXX6Lrf1tr6xubWdmmnvLu3f3BoHx23dJIpBk2WiER1QqpBcAlN5CigkyqgcSigHY7uZn57DErzRD7iJIUgpgPJI84oGqln2z7CE+ZI5XBa9WV20bMrbs2dw1klXkEqpECjZ3/5/YRlMUhkgmrd9dw Ug5wq5EzAtOxnGlLKRnQAXUMljUEH+fzyqXNulL4TJcqURGeu/p7Iaaz1JA5NZ0xxqJe9mfif180wuglyLtMMQbLFoigTDibOLAanzxUwFBNDKFPc3OqwIVWUoQmrbELwll9eJa3LmufWvIerSv22iKNETskZqRKPXJM6uScN0iSMjMkzeSVvVm69WO/Wx6J1zSpmTsg fWJ8/nKqTnw==</latexit>
(⌫⇤, tanh(⌫⇤))
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Fig. 4: Offset local sector constraint on tanh
D. Quadratic Constraints: Combined Activation Functions
Offset local sector constraints can also be defined for the
combined nonlinearity φ, given by Equation 9. Let v, v¯, v∗ ∈
Rnφ be given with v ≤ v∗ ≤ v¯. Assume that the activation
input vφ ∈ Rnφ lies, element-wise, in the interval [v, v¯] and the
ith input/output pair is wi = ϕ(vi). Further assume the scalar
activation function satisfies the local sector [αi, βi] around the
point v∗,i with the input restricted to vi ∈ [vi, v¯i] for i =
1, . . . , nφ. The local sector bounds can be computed for ϕ on
the given interval either analytically (as above for tanh) or
numerically. These local sectors can be stacked into vectors
αφ, βφ ∈ Rnφ that provide quadratic constraints satisfied by
the combined nonlinearity φ.
Lemma 1. Let αφ, βφ, v, v¯, v∗ ∈ Rnφ be given with αφ ≤ βφ,
v ≤ v∗ ≤ v¯, and w∗ := φ(v∗). Assume φ satisfies the offset
local sector [αφ, βφ] around the point v∗ element-wise for all
vφ ∈ [v, v¯]. If λ ∈ Rnφ with λ ≥ 0 then:[
vφ − v∗
wφ − w∗
]>
Ψ>φMφ(λ)Ψφ
[
vφ − v∗
wφ − w∗
]
≥ 0
∀vφ ∈ [v, v¯], wφ = φ(vφ),
where:
Ψφ :=
[
diag(βφ) −Inφ
−diag(αφ) Inφ
]
(16)
Mφ(λ) :=
[
0nφ diag(λ)
diag(λ) 0nφ
]
. (17)
Proof. For any vφ ∈ Rnφ and wφ = φ(vφ):[
vφ − v∗
wφ − w∗
]>
Ψ>φMφ(λ)Ψφ
[
vφ − v∗
wφ − w∗
]
=
nφ∑
i=1
λi(∆wi − α∆vi) · (β∆vi −∆wi)
where ∆wi := ϕ(vi)− ϕ(v∗,i) and ∆vi := vi − v∗,i. If vφ ∈
[v, v¯] then each term in the sum is non-negative by the offset
local sector constraints and λ ≥ 0.
The stability theorem in the next section must verify that
v ∈ [v, v¯] in order to apply the sector bounds. The analysis
is simplified by constructing the sector bounds based only on
the input to the first activation layer. Specifically, let v1∗ be the
equilibrium value at the first NN layer. Select v1, v¯1 ∈ Rn1
with v1 ≤ v1∗ ≤ v¯1. The assumed bounds [v1, v¯1] can be
used to compute a local sector [α1, β1] around the point v1∗
for the first activation function φ1, i.e. the ith input/output
pair of φ1 is locally sector bounded by [α1i , β
1
i ]. The bounds
on v1 can also be used to compute an interval [w1, w¯1] for
the output w1 = φ1(v1)† which can then be used to compute
bounds [v2, v¯2] on the input v2 to the next activation function.‡
The intervals computed for w1 and v2 will contain their
equilibrium value w1∗ and v
2
∗. This process can be propagated
through all layers of the NN to obtain local sector bounds
[αi, βi] for the nonlinearities φi (i = 1, . . . , `). The sectors can
be stacked into vectors αφ, βφ ∈ Rnφ that provide (element-
wise) local sector bounds as summarized next.
Property 1. Let v∗ ∈ Rnφ be an equilibrium value of the
activation input and v1∗ ∈ Rn1 be the corresponding value
at the first layer. Select v1, v¯1 ∈ Rn1 with v1∗ ∈ [v1, v¯1]. Let
vˆφ(v
1) ∈ Rnφ denote the activation input generated by the NN
(Equation 3b) from the input v1 ∈ Rn1 at the first layer. There
exist αφ, βφ ∈ Rnφ such that φ satisfies the offset local sector
around the point (v∗, φ(v∗)) for all vˆφ(v1) with v1 ∈ [v1, v¯1].
E. Lyapunov Condition
This section uses a Lyapunov function and the offset local
sector to compute an inner approximation for the ROA of the
feedback system of G and pi. To simplify notation, the interval
bound on v1 is assumed to be symmetrical about v1∗, i.e. v
1 =
2v1∗−v¯1 so that v¯1−v∗ = v∗−v1. This can be relaxed to handle
non-symmetrical intervals with minor notational changes.
Theorem 1. Consider the feedback system of plant G in (2)
and NN pi in (3) with equilibrium point (x∗, u∗, v∗, w∗) satis-
fying (12). Let v¯1 ∈ Rn1 , v1 := 2v1∗ − v¯1, and αφ, βφ ∈ Rnφ
be given vectors satisfying Property 1 for the NN. Denote the
ith row of the first weight W 1 by W 1i and define matrices
RV :=
[
InG 0nG×nφ
Nux Nuw
]
, and Rφ :=
[
Nvx Nvw
0nφ×nG Inφ
]
.
If there exists a matrix P ∈ SnG++, and vector λ ∈ Rnφ with
λ ≥ 0 such that
R>V
[
A>GPAG − P A>GPBG
B>GPAG B
>
GPBG
]
RV
+R>φ Ψ
>
φMφ(λ)ΨφRφ < 0, (20)[
(v¯1i − v1∗,i)2 W 1i
W 1>i P
]
≥ 0, i = 1, · · · , n1, (21)
†For example, if ϕ(ν) = tanh(ν) then the input bound ν ∈ [−ν¯, ν¯]
implies the output bound ϕ(ν) ∈ [− tanh(ν¯), tanh(ν¯)].
‡The next activation input is v2 := W 2w1 + b2. The largest value of the
ith entry of this vector is obtained by solving the following optimization:
v¯2i := max
w1≤w1≤w¯1
y>w1 + b2i (18)
where y> is the ith row of W 2. Define c := 1
2
(w¯1 + w1) and r :=
1
2
(w¯1 − w1). The optimization can be rewritten as:
v¯2i :=
(
y>c+ b2i
)
+ max
−r≤δ≤r
y>δ (19)
This has the explicit solution v¯2i = y
>c+ b2i +
∑n1
j=1 |yjrj |. Similarly, the
minimal value is v2i = y
>c+ b2i −
∑n1
j=1 |yjrj |.
then: (i) the feedback system consisting of G and pi is
locally stable around x∗, and (ii) the set E(P, x∗), defined
by Equation 1, is an inner-approximation to the ROA.
Proof. By Schur complements, (21) is equivalent to:
W 1i P
−1W 1>i ≤ (v¯1i − v1∗,i)2, i = 1, · · · , n1. (22)
It follows from Lemma 1 in [20] that:
E(P, x∗) ⊆ {x ∈ RnG : v1 − v1∗ ≤W 1(x− x∗) ≤ v¯1 − v1∗}.
Finally, use v1 − v1∗ = W 1(x− x∗) to rewrite this as:
E(P, x∗) ⊆ {x : v1 ≤ v1 ≤ v¯1}.
To summarize, feasibility of (21) verifies that if x(k) ∈
E(P, x∗) then v1(k) ∈ [v1, v¯1] and hence the offset local
sectors conditions are valid.
Next, left / right multiply the LMI (20) by any (non-zero)[
(x(k)− x∗)> (wφ(k)− w∗)>
]
and its transpose to obtain[
x(k)− x∗
u(k)− u∗
]> [
A>GPAG − P A>GPBG
B>GPAG B
>
GPBG
] [
x(k)− x∗
u(k)− u∗
]
+
[
vφ(k)− v∗
wφ(k)− w∗
]>
Ψ>φMφ(λ)Ψφ
[
vφ(k)− v∗
wφ(k)− w∗
]
< 0.
Define the Lyapunov function V (x) := (x − x∗)>P (x − x∗)
and use (2) and (12) to show:
V (x(k + 1))− V (x(k))
+
[
vφ(k)− v∗
wφ(k)− w∗
]>
Ψ>φMφ(λ)Ψφ
[
vφ(k)− v∗
wφ(k)− w∗
]
< 0. (23)
As noted above, x(k) ∈ E(P, x∗) implies the offset local sector
[αφ, βφ] around v∗. Then, by Lemma 1, the final term in (23)
is ≥ 0 and it follows from a Lyapunov argument, e.g. Theorem
4.1 in [7], that x∗ is an asymptotically stable equilibrium point
and E(P, x∗) is an inner approximation of the ROA.
This stability theorem can be made less conservative by
incorporating global slope bounds on ϕ in addition to the local
sector bounds. Slope bounds provide quadratic constraints
between two inputs ν1, ν2 ∈ R and their corresponding outputs
ϕ(ν1), ϕ(ν2). These constraints can be exploited in two
different ways. First, the slope bounds provide constraints that
relate the activation at different time instances, e.g. between
φi(vφ,i(k)) and φi(vφ,i(k + 1)) for any i = 1, . . . , nφ. These
temporal relations are captured by the Zames-Falb IQC [21],
[22]. Second, it provides constraints that relate the scalar
activation functions repeated in φ at the same time instant,
e.g. between φi(vφ,i(k)) and φj(vφ,j(k)).
III. ROBUST STABILITY ANALYSIS
A. Problem Formulation
Consider the uncertain feedback system in Figure 5, con-
sisting of an uncertain plant Fu(G,∆) and a NN controller
pi as defined by (3). The uncertain plant Fu(G,∆) is an
interconnection of a nominal plant G and a perturbation ∆.
The nominal plant G is defined by the following equations:
x(k + 1) = AG x(k) +BG1 q(k) +BG2 u(k), (24a)
p(k) = CG x(k) +DG1 q(k) +DG2 u(k), (24b)
where x(k) ∈ RnG is the state, u(k) ∈ Rnu is the control
input, p(k) ∈ Rnp and q(k) ∈ Rnq are the input and output
of ∆, AG ∈ RnG×nG , BG1 ∈ RnG×nq , BG2 ∈ RnG×nu ,
CG ∈ Rnp×nG , DG1 ∈ Rnp×nq , and DG2 ∈ Rnp×nu . The
perturbation is a bounded, causal operator ∆ : `np2e → `nq2e . The
nominal plant G and perturbation ∆ form the interconnection
Fu(G,∆) through the constraint
q(·) = ∆(p(·)). (25)
The vectors (x∗, u∗, p∗, q∗) form an equilibrium point of the
feedback system if the following conditions hold:
x∗ = AG x∗ +BG1 q∗ +BG2 u∗, (26a)
u∗ = pi(x∗), (26b)
qs∗ = ∆(p
s
∗), (26c)
where Equation 26c states that the constant input ps∗ :=
{p∗, p∗, . . .} maps to the constant output qs∗ := {q∗, q∗, . . .}.
Note that ∆ is modeled as an operator mapping inputs to
outputs. If ∆ has an internal state then there is an implicit
assumption that its initial condition is such that qs∗ = ∆(p
s
∗).
Let χ(k;x0) denote the solution to the uncertain feedback
system at time k from the initial condition x(0) = x0.§ Define
the robust ROA associated with x∗ as follows.
G
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<latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw="> AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63 t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKs kKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ay Jb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN0 94L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw="> AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63 t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKs kKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ay Jb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN0 94L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw="> AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63 t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKs kKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ay Jb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN0 94L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw="> AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63 t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKs kKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ay Jb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN0 94L96797FoXfOKmRP4A+/zB2+HjdM=</latexit>
x(k)
<latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit>
 
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXp qvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMi Xv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWq kSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2n BMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZ ZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTu oQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXp qvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMi Xv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWq kSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2n BMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZ ZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTu oQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXp qvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMi Xv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWq kSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2n BMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZ ZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTu oQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXp qvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMi Xv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWq kSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2n BMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZ ZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTu oQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>
Fu(G, )
<latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw= ">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093l xYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve 0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJ lP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN 5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit><latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw= ">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093l xYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve 0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJ lP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN 5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit><latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw= ">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093l xYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve 0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJ lP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN 5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit><latexit sha1_base64="GLDt9LOZVQ4Uobn0XrMR9WkV3cw= ">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNgVQY9BRT1GMA9IljA76U2GzD6cmQ2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093l xYIrbdvf1tLyyuraem4jv7m1vbNb2NuvqyiRDGssEpFselSh4CHWNNcCm7FEGngCG97geuI3higVj8JHPYrRDWgv5D5nVBvJve 0kpbvT9g0KTU86haJdtqcgi8TJSBEyVDuFr3Y3YkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdIkfSVOhJ lP190RKA6VGgWc6A6r7at6biP95rUT7l27KwzjRGLLZIj8RREdkkgDpcolMi5EhlElubiWsTyVl2uSUNyE48y8vkvpZ2bHLzsN 5sXKVxZGDQziCEjhwARW4hyrUgMETPMMrvFlD68V6tz5mrUtWNnMAf2B9/gBK9ZEg</latexit>
p(k)
<latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg="> AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+ 0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrx K/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3 URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm 9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit><latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg="> AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+ 0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrx K/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3 URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm 9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit><latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg="> AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+ 0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrx K/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3 URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm 9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit><latexit sha1_base64="VLbLpWmDQbywvI3lmrBPt8Eo5Mg="> AAAB63icbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+ 0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXktrkYlCpenVvDrx K/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3 URjdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7su57df/hqtq4LeIowSmcQQ18uIYG3EMTWkBhDM/wCm 9Iohf0jj4WrWuomDmBP0CfP2fkjc4=</latexit>
q(k)
<latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit><latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit><latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit><latexit sha1_base64="zwwip+7+sRf0EVB+wtgY2a/koqg="> AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdxdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rju t1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nSeqNIvlg5kmNBB4JFnECDa59FifnA+qNbfhzoF WiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+ Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/ DmCOfFeXc+Fq0lp5g5hj9wPn8AaWuNzw==</latexit>
Fig. 5: Feedback system with uncertain plant Fu(G,∆) and
NN controller pi
Definition 5. The robust ROA of the feedback system with the
uncertain plant Fu(G,∆) and NN pi is defined as:
R := {x0 ∈ RnG : lim
k→∞
χ(k;x0) = x∗}. (27)
The objective is to prove the uncertain feedback system is
asymptotically stable and, if so, to find the largest estimate of
the robust ROA using an ellipsoidal inner approximation.
B. Integral Quadratic Constraints
The perturbation can represent various types of uncertainty
[18], [19], including saturation, time delay, unmodeled dy-
namics, and slope-restricted nonlinearities. The input-output
relationship of ∆ is characterized with an integral quadratic
constraint (IQC), which consists of a ‘virtual’ filter Ψ∆ applied
§An input/output model is used for the perturbation ∆ so that its internal
state and initial condition is not explicitly considered.
to the input p and output q of ∆ and a constraint on the output
r of Ψ∆. The filter Ψ∆ is an LTI system of the form:
ψ(k + 1) = AΨ ψ(k) +BΨ1 p(k) +BΨ2 q(k) (28a)
r(k) = CΨ ψ(k) +DΨ1 p(k) +DΨ2 q(k). (28b)
ψ(0) = ψ∗ (28c)
where ψ(k) ∈ Rnψ is the state and r(k) ∈ Rnr is the output.
The state matrices have compatible dimensions. The vectors
ψ∗ ∈ Rnψ and r∗ ∈ Rnr are equilibrium states and output of
(28) with inputs p∗ and q∗ such that Equation 26c holds, i.e.,
ψ∗ = AΨ ψ∗ +BΨ1 p∗ +BΨ2 q∗ (29a)
r∗ = CΨ ψ∗ +DΨ1 p∗ +DΨ2 q∗. (29b)
The Lyapunov analysis in the next subsection makes use of
time-domain IQCs as defined next:
Definition 6. Let Ψ∆ ∈ RHnr×(np+nq)∞ and M∆ ∈ Snr be
given. A bounded, causal operator ∆ : `np2e → `nq2e satisfies
the time domain IQC defined by (Ψ∆,M∆) if the following
inequality holds for all p ∈ `np2e , q = ∆(p) and for all N ≥ 0
N∑
k=0
(r(k)− r∗)>M∆(r(k)− r∗) ≥ 0. (30)
where r(k) and r∗ are defined by (28b) and (29b).
The notation ∆ ∈ IQC(Ψ∆,M∆) indicates that ∆ satisfies
the IQC defined by Ψ∆ and M∆. Therefore, the precise
relation (25), for analysis, is replaced by the constraint (30) on
r. The quadratic constraint proposed in Lemma 1 is a special
instance of a time-domain IQCs. Specifically, Lemma 1 defines
a quadratic constraints that holds at each time step k and hence
the inequality also holds summing over any finite horizons.
This is referred to as the offset local sector IQC.
The time-domain IQCs, as defined here, hold on any finite
horizon N ≥ 0. These are typically called “hard IQCs”
[18]. IQCs can also be defined in the frequency domain
and equivalently expressed as time-domain constraints over
an infinite horizon (N = ∞). These are called soft IQCs.
Although this paper focuses on the use of hard IQCs, it is
possible to also incorporate soft IQCs [23]–[25].
C. Lyapunov Condition
Let ζ := [ xψ ] ∈ Rnζ define the extended state vector, nζ =
nG + nψ , whose dynamics are
ζ(k + 1) = A ζ(k) + B
[
q(k)
u(k)
]
(31a)
r(k) = C ζ(k) +D
[
q(k)
u(k)
]
(31b)
u(k) = pi(x(k)) (31c)
where the state-space matrices are
A =
[
AG 0
BΨ1CG AΨ
]
, B =
[
BG1 BG2
BΨ1DG1 +BΨ2 BΨ1DG2
]
,
C = [DΨ1CG CΨ] , D = [DΨ1DG1 +DΨ2 DΨ1DG2] .
Let ζ∗ :=
[ x∗
ψ∗
]
define the equilibrium point of the extended
system (31). Since IQCs implicitly constrain the input p
of the extended system (31), the response of the extended
system subject to IQCs “covers” the behaviors of the original
uncertain feedback system. The following theorem provides a
method for inner-approximating the robust ROA by perform-
ing analysis on the extended system subject to IQCs.
Theorem 2. Consider the feedback system of an uncertain
plant Fu(G,∆) in (24)–(25), and the NN pi in (3) with
equilibrium point (ζ∗, u∗, v∗, w∗, r∗, p∗, q∗) satisfying (26) and
(29). Assume ∆ ∈ IQC(Ψ∆,M∆) with Ψ∆ and M∆ given. Let
v¯1 ∈ Rn1 , v1 := 2v1∗− v¯1, and αφ, βφ ∈ Rnφ be given vectors
satisfying Property 1 for the NN, and define matrices
RV =
 Inζ 0 00 0 Inq
Nuζ Nuw 0
 , Nuζ = [Nux, 0nu×nψ ],
Rφ =
[
Nvζ Nvw 0
0 Inφ 0
]
, Nvζ = [Nvx, 0nφ×nψ ],
W1i =
[
W 1i 01×nψ
]
, W 1i is the i
th row of W 1.
If there exists a matrix P ∈ Snζ++, and vector λ ∈ Rnφ with
λ ≥ 0 such that
R>V
[A>PA− P A>PB
B>PA B>PB
]
RV +R
>
φ Ψ
>
ΦMφ(λ)ΨφRφ
+R>V
[C D]>M∆ [C D]RV < 0, (32a)[
(v¯1i − v1∗,i)2 W1i
W1>i P
]
≥ 0, i = 1, · · · , n1, (32b)
then: (i) the feedback system comprising the uncertain
plant Fu(G,∆) and pi is locally stable around x∗ for any
∆ ∈ IQC(Ψ∆,M∆), and (ii) the intersection of E(P, ζ∗) with
the hyperplane ψ = ψ∗, i.e. E(Px, x∗) where Px ∈ RnG×nG
is the upper left block of P , is an inner-approximation to the
robust ROA.
Proof. As in the proof of Theorem 1, feasibility of (32b)
implies that if ζ(k) ∈ E(P, ζ∗) then v1(k) ∈ [v1, v¯1] and hence
the offset local sectors conditions are valid. Since the LMI in
(32a) is strict, there exists  > 0 such that left/right multiplica-
tion of the LMI by [(ζ(k)−ζ∗)>, (wφ(k)−w∗)>, (q(k)−q∗)>]
and its transpose yields:[
?
]> [A>PA− P A>PB
B>PA B>PB
] ζ(k)− ζ∗q(k)− q∗
u(k)− u∗

+
[
?
]> [C D]>M∆ [C D]
 ζ(k)− ζ∗q(k)− q∗
u(k)− u∗

+
[
?
]>
Ψ>φMφ(λ)Ψφ
[
vφ(k)− v∗
wφ(k)− w∗
]
≤ −‖ζ(k)− ζ∗‖2,
where the entries denoted by ? can be inferred from symmetry.
Define the Lyapunov function V (ζ) := (ζ − ζ∗)>P (ζ − ζ∗),
and use (26), (29) and (31) to show:
V (ζ(k + 1))− V (ζ(k)) + (r(k)− r∗)>M∆(r(k)− r∗)
+
[
?
]>
Ψ>φMφ(λ)Ψφ
[
vφ(k)− v∗
wφ(k)− w∗
]
≤ −‖ζ(k)− ζ∗‖2.
Sum this inequality from k = 0 to any finite time N ≥ 0. The
third and fourth term on the left side will be ≥ 0 by the local
sector conditions and the IQC. This yields:
V (ζ(N + 1))− V (ζ(0)) ≤ −
N∑
k=0
‖ζ(k)− ζ∗‖2.
Thus if ζ(0) ∈ E(P, ζ∗) then ζ(k) ∈ E(P, ζ∗) for all k ≥ 0.
Moreover, this inequality implies that ζ(N)→ ζ∗ as N →∞.
The initial condition for the virtual filter is ψ(0) = ψ∗ so that
ζ(0) ∈ E(P, ζ∗) is equivalent to x(0) ∈ E(Px, x∗). Hence
E(Px, x∗) is an inner approximation for the ROA.
For a particular perturbation ∆ there is typically a class of
valid time-domain IQCs defined by a fixed filter Ψ∆ and a
matrix M∆ drawn from a constraint setM∆. Therefore when
formulating an optimization problem, along with P and λ, we
can treat M∆ ∈ M∆ as an additional decision variable to
reduce conservatism. In this paper, the set M∆ is restricted
to one that is described by LMIs [19]. The “largest” inner-
approximation to the ROA can be obtained by minimizing
trace(Px) or some other metric related to the ellipsoid volume.
IV. EXAMPLES
A. Inverted pendulum
Consider the nonlinear inverted pendulum example from
[26] with mass m = 0.15 kg, length l = 0.5 m, and friction
coefficient µ = 0.5 Nms/rad. The dynamics are:
θ¨(t) =
mgl sin(θ(t))− µθ˙(t) + u(t)
ml2
, (33)
where θ is the angular position (rad) and u is the control
input (Nm). The plant state is x = [θ, θ˙]. The controller pi
is obtained through a reinforcement learning process using
policy gradient [3]–[5]. During training, the agent decision
making process is characterized by a probability: u(k) ∼
Pr(u(k) = u | x(k) = x) for all u ∈ R and x ∈ R2 where
the probability is a Gaussian distribution with mean pi(x(k)),
and standard deviation σ. After training, the policy mean pi
is used as the deterministic controller u(k) = pi(x(k)). The
controller pi is parameterized by a 2-layer, feedforward NN
with n1 = n2 = 32 and tanh as the activation function for
both layers. The biases in the NN are set to zero during training
to ensure that the equilibrium point is x∗ = 0 and u∗ = 0.
The dynamics used for training are the discretized version of
(33) with sampling time dt = 0.02 s.
The system (33) is nonlinear due to the trigonometric term
sin(θ). The robust ROA analysis framework can be applied by
rearranging (33) into the form:
θ¨(t) =
−mglq(t) +mglθ(t)− µθ˙(t) + u(t)
ml2
, (34a)
q(t) = ∆(θ(t)) := θ(t)− sin(θ(t)). (34b)
The static nonlinearity ∆(θ) = θ − sin(θ), treated as a
perturbation, is slope-restricted in the interval [0, 2], and sector
bounded in the sector [0, 1] for θ ∈ [−3.14, 3.14] as shown
in Figure 6. Local slope and sector bounds can be derived
to provide less conservative results on shorter intervals [θ, θ¯].
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Fig. 6: Local sector bounds for ∆
For example, if θ¯ = −θ = 2.5 then the nonlinearity is slope-
restricted in [0, 1.8], and sector bounded in [0, 0.7606]. This
local sector is shown in Fig. 6. In this example, it is assumed
that v1 ∈ [v1, v¯1] with v¯1 = −v1 = 0.5 × 132×1. It is
also assumed that θ(k) ∈ [θ, θ¯] with θ¯ = −θ = 2.5. Both
assumptions are verified using the ROA inner-approximation.
Two types of IQCs are used to characterize the nonlinearity:
an off-by-one IQC [27] to capture the slope information, and
a local sector IQC to express the local sector bound.
Figure 7 shows the boundaries for the sets {x : v1 ≤ v1 ≤
v¯1} and {x : θ ≤ θ ≤ θ¯} with orange and brown lines,
the ROA inner-approximation with a blue ellipsoid, and some
simulation trajectories with light gray dashed curves.
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Fig. 7: A ROA inner-approximation of the inverted pendulum
B. Vehicle lateral control
Consider the vehicle lateral dynamics from [28]:
e˙
e¨
e˙θ
e¨θ
 =

0 1 0 0
0
Cαf+Cαr
mU −Cαf+Cαrm aCαf−bCαrmU
0 0 0 1
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IzU
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a2Cαf+b
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0
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0
aCαf−bCαr
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0
a2Cαf+b
2Cαr
Iz
 c (35)
where e is the perpendicular distance to the lane edge, and eθ
is the angle between the tangent to the straight section of the
road and the projection of the vehicle’s longitudinal axis. Let
x = [e, e˙, eθ, e˙θ]
> denote the plant state. The control input u is
the steering angle of the front wheel (rad), the disturbance c is
the road curvature (1/m), and the parameters are: longitudinal
speed of the vehicle U = 28 m/s, front cornering stiffness
Cαf = −1.232 × 105 N/rad, rear cornering stiffness Cαr =
−1.042×105 N/rad, vehicle mass m = 1.67×103 kg, moment
of inertia Iz = 2.1×103 kg/m2, distances from vehicle center
of gravity to front axle a = 0.99 m and rear axle b = 1.7 m.
Again, the controller pi is obtained through reinforcement
learning using policy gradient, and is parameterized by a 2-
layer, feedforward NN, with n1 = n2 = 32 and tanh as
the activation function for both layers. The training process
uses a discretized version of (35) with sampling time dt =
0.02 s and draws the curvature c(k) at each time step from
an interval [−1/200, 1/200]. The control command derived
from u(k) = pi(x(k)) enters the vehicle dynamics through a
saturation function, defined as:
sat(u) :=

umax ; u > umax,
u ; umin ≤ u ≤ umax,
umin ; u < umin,
(36)
where in this case umax = 30◦ and umin = −30◦. Let usat :=
sat(pi(x)) define the saturated control signal.
The analysis is performed for a constant curvature c ≡
1/200, resulting in a non-zero equilibrium state x∗ =
[−0.2865, 0, 0.0146, 0]>. In the analysis problem, on top
of saturation, we also add a norm-bounded LTI uncertainty
∆LTI ∈ RH∞ with ‖∆LTI‖∞ ≤ 0.1 to the control input.
This is used to assess the robustness of the NN controller
against actuator uncertainty. As shown in Figure 8, the actual
input to the vehicle dynamics is
upert(k) = usat(k) + q(k), (37a)
q(·) = ∆LTI(usat(·)). (37b)
The saturation function is static and can also be described
using a local sector bound. Let u¯ be the largest possible control
command from pi induced from the assumption that v1 ∈
[v1, v¯1] where v¯1 = v1∗+0.4×132×1, and v1 = v1∗−0.4×132×1.
Then the saturation function in (36) satisfies the local sector
[α, β], where α := umaxu¯ and β := 1.
G
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+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5 uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2Z KGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5 uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2Z KGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5 uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2Z KGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5 uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2Z KGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>
upert(k)
<latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92 J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4v bcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit><latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92 J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4v bcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit><latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92 J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4v bcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit><latexit sha1_base64="GCSizg0T6v0DgEfNLyYKezARwSU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXkoigh6LXjxWsB/QhrDZTtqlmw92 J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8PxFcoW1/G6WNza3tnfJuZW//4PDIPK52VJxKBm0Wi1j2fKpA8AjayFFAL5FAQ19A15/czf3uE0jF4+gRZwm4IR1FPOCMopY8s5p62QBhilkCEvO8PrnwzJrdsBew1olTkBop0PLMr8EwZmkIETJBleo7doJuRiVyJiCvDFIFCWUTOoK+phENQbnZ4v bcOtfK0ApiqStCa6H+nshoqNQs9HVnSHGsVr25+J/XTzG4cTMeJSlCxJaLglRYGFvzIKwhl8BQzDShTHJ9q8XGVFKGOq6KDsFZfXmddC4bjt1wHq5qzdsijjI5JWekThxyTZrknrRImzAyJc/klbwZufFivBsfy9aSUcyckD8wPn8Ahs+Uuw==</latexit>
usat(k)
<latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj6 6nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit><latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj6 6nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit><latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj6 6nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit><latexit sha1_base64="nuLA4LVMiBMGockpZ+pIXDNcvdc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIoMeiF48V7Ae0IWy2m3bpZhN2J2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzdJWeXtnd2/frhy0dZwqylo0FrHqBkQzwSVrAQfBuoliJAoE6wTj6 6nfuWdK81jewSRhXkSGkoecEjCSb1dSP+sDe4RME8jz2vjUt6tO3ZkBLxO3IFVUoOnbX/1BTNOISaCCaN1znQS8jCjgVLC83E81SwgdkyHrGSpJxLSXzU7P8YlRBjiMlSkJeKb+nshIpPUkCkxnRGCkF72p+J/XSyG89DIukxSYpPNFYSowxHiaAx5wxSiIiSGEKm5uxXREFKFg0iqbENzFl5dJ+6zuOnX39rzauCriKKEjdIxqyEUXqIFuUBO1EEUP6Bm9ojfryXqx3q2PeeuKVcwcoj+wPn8Aq+KUPg==</latexit>
u(k)
<latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM 7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U 4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM 7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U 4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM 7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U 4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit><latexit sha1_base64="8hlxYmWfuwQDXM6ZSyMe/eEr7Dw=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegF48RzAOSJcxOZpMhM 7PLPISw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bOrGK0BZJeKK6EdaUM0lbhhlOu6miWEScdqLJXe53nqjSLJGPZprSUOCRZDEj2OSSrU0uBpWqX/fnQKskKEgVCjQHla/+MCFWUGkIx1r3Aj81YYaVYYTTWblvNU0xmeAR7TkqsaA6zOa3ztC5U 4YoTpQradBc/T2RYaH1VESuU2Az1steLv7n9ayJb8KMydQaKsliUWw5MgnKH0dDpigxfOoIJoq5WxEZY4WJcfGUXQjB8surpH1ZD/x68HBVbdwWcZTgFM6gBgFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zB2+HjdM=</latexit>
x(k)
<latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLd zdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGz qwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLd zdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGz qwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLd zdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGz qwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit><latexit sha1_base64="hJOxIP0lpA/Eos+0aMdtxh4VVbw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLd zdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FSfnA+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGz qwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AdByN1g==</latexit>
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Fig. 8: Uncertain vehicle system with actuator uncertainty
The ROA inner-approximation is four dimensional. Figure 9
shows slices of this estimate on the e–e˙ and eθ–e˙θ spaces.
Specifically, these are intersections of E(Px, x∗) with the
hyperplanes (eθ, e˙θ) = (eθ∗, e˙θ∗) and (e, e˙) = (e∗, e˙∗),
respectively, where x∗ = [e∗, e˙∗, eθ∗, e˙θ∗]>. The slices are
shown with blue ellipsoids. The boundary of the polytopic
set {x : v1 ≤ v1 ≤ v¯1} is shown with the orange lines. The
brown crosses represent the non-zero equilibrium state x∗.
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Fig. 9: Slices of the ROA inner-approximation on the e–e˙
space and eθ–e˙θ spaces.
V. CONCLUSIONS
The paper presented a method to analyze stability and to
inner-approximate the region of attraction of equilibria in
feedback systems with NN controllers. First, LTI plants were
analyzed using Lyapunov theory and local sector QCs for
bounding nonlinear activation functions. Second, the results
were extended to uncertain plants with perturbations described
by IQCs, such as nonlinearities and unmodeled dynamics.
Finally, the method was illustrated on a nonlinear inverted
pendulum example, and uncertain vehicle lateral dynamics
with stabilizing NN controllers obtained using policy gradient.
Future work will address disturbance accommodation and
reachability analysis in feedback systems with NN controllers.
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